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Effect of VSR invariant Chern-Simon Lagrangian on photon polarization
Alekha C. Nayak,∗ Ravindra K. Verma,† and Pankaj Jain‡
Department of Physics, Indian institute of Technology, Kanpur
Kanpur, India- 208016
We propose a generalization of the Chern-Simon (CS) Lagrangian which is invariant under the
SIM(2) transformations but not under the full Lorentz group. We study the effect of such a term
on radiation propagating over cosmological distances. We find that the dominant effect of this
term is to produce circular polarization as radiation propagates through space. We use the circular
polarization data from distant radio sources in order to impose a limit on this term.
I. INTRODUCTION
Symmetry is the guiding principle of modern physics.
The Standard Model (SM), which is based on Lorentz
invariance, provides a successful description of nature
and has passed all experimental tests. However, it is
believed to be the low energy limit of an ultimate theory
at the Planck scale energy. At this scale, unification of
quantum field theory with gravity leads to possible vi-
olation of Lorentz symmetry [1]. However it is difficult
to probe Lorentz violation at LHC because the signal is
supressed by ratio of electroweak scale (MW ) to Planck
mass (MPl), i.e. MW /MPl ≈ 10−17 [2]. In a supersym-
metric (SUSY) theory the signal may be suppressed more
strongly as (MSUSY /MPl)
2, whereMSUSY is the scale of
SUSY breaking [3, 4].
Several terrestial [5], astrometric [6, 7] and astrophysi-
cal tests have been conducted on Lorentz violation which
impose stringent limits on its violation. Different theo-
retical models have been proposed on possible depatures
from Lorentz invariance [1, 3, 4, 8–15]. Colladay and
Kostelecky [2] consider the Standard Model Extention
(SME) in which Lorentz symmetry is spontaneously
violated. Carroll et al. [16] consider a CS term in 3+1
dimension, which is gauge invariant but breaks Lorentz
invariance. The authors introduce an external four
vector which breaks Lorentz invariance. This term is
local and rotates the plane of polarization of photon
due to different velocities of left- and right-circularly
polarized photon.
We consider SIM(2) invariant CS term which shows
partial gauge invariance but breaks Lorentz invariance.
SIM(2) is the proper subgroup of Lorentz group as de-
veloped by Cohen and Glashow [17] and termed Very
Special Relativity (VSR). Adjoining one of the discrete
symmetry such as P, T, CP or CT with Lorentz subgroup
enlarges it to the full Lorentz group. In this paper, we
introduce nonlocal operator nα
n·∂
in the CS term in 3+1 di-
mension. This operator violates Lorentz invariance while
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respecting SIM(2) invariance. As we shall see, the modi-
fied nonlocal CS term splits the photon into two different
polarization states which travel with different velocities.
This implies violation of parity and Lorentz invariance
in the theory. We find that the dominant effect of this
term is to generate circular polarization as the electro-
magnetic wave travels through space. Furthermore the
effect is dominant at low frequencies. Using the circu-
lar polarization data of radio sources from the MOJAVE
(Monitoring of Jets in active galactic nuclei (AGN) with
Very Long Baseline Array (VLBA) Experiments) pro-
gram [18], we impose a limit on the Lorentz violating
parameter.
This paper is organised as follows: in Sec. (II) we
present the VSR invariant CS Lagrangian and derive the
resulting photon dispersion relation. We then obtain the
formulas for the Stokes parameters in this model. In
Sec. (III) we extract the Lorentz invariance violating
parameter by the standard χ2 minimization procedure.
Finally, we conclude in Sec. (IV).
II. THEORY
The well established Maxwell’s theory of electrody-
namics is based on gauge and Lorentz invariance. The
Lagrangian density for massless photons is given by
L = −1
4
FαβF
αβ (1)
where Fαβ = ∂αAβ − ∂βAα is electromagnetic tensor.
Eq. (1) is invariant under the gauge transformation
Aα → Aα + ∂αϕ. A photon mass term breaks the gauge
invariance of the Lagrangian and experimental data im-
poses a stringent limit on this term. We propose a SIM(2)
invariant nonlocal CS term which can be written as,
Lcs = Γ
2
nα
n · ∂AβF˜
αβ (2)
Here F˜αβ is dual electromagnetic tensor, Γ is a parame-
ter of dimension mass square and nα = (1, 0, 0, 1). This
is manifestly not Lorentz invariant [19] but is invariant
under SIM(2) transformations. The corresponding gen-
erators are T1 = Kx + Jy, T2 = Ky − Jx, rotations (Jz)
and boosts (Kz) about z-axis. Here J and K are the
generators of rotations and boosts respectively. Under
2a boost along z-axis (Kz), the preferred vector n trans-
forms as nα → eφnα. However nα
n·∂
is homogeneous in n,
and hence is SIM(2) invariant.
Under the gauge transformation Aα → Aα + ∂αϕ, the
variation of SIM(2) modified CS term is
∆L′cs = Γ
2
( nα
n · ∂
)
∂βϕF˜
αβ
=
Γ
2
∂β
( nα
n · ∂ ϕF˜
αβ
)
(3)
where we have used the fact that nα is a constant vector
and ∂βF˜
αβ = 0. The remaining term is a surface term
and would normally give null contribution to the action.
However in the present case, this term also involves the
inverse of n · ∂. We find that this term vanishes in all
cases except if the derivative ∂α is taken in the direction
of nα. In this case the derivative operation cancels with
the inverse operator 1/n · ∂ and we obtain a finite con-
tribution. In order to eliminate this violation of gauge
invariance we impose the constraint,
n · A = 0 (4)
This constraint is not invariant under Lorentz transfor-
mations but is invariant under SIM(2) transformations
[20]. Hence we can consistently impose it within our
framework. We also point out that the vector field Aµ
does not form an irreducible representation of SIM(2)
and hence it is not necessary for us to work with the full
vector field. In fact the vector potential can be split into
four independent one dimensional SIM(2) fields [20].
The complete Lagrangian density in presence of con-
served current Jα is
LT = −1
4
FαβF
αβ − JαAα + Γ
2
nα
n · ∂Aβ F˜
αβ (5)
The equation of motion for the Lagrangian density LT is
∂βF
βα = Jα − Γ nλ
n · ∂ F˜
λα (6)
The modified Maxwell’s equations from Eq. (6) are given
by
∇ ·E = ρ+ Γ 1
n · ∂n ·B (7a)
−∂tE+∇×B = J+ Γ 1
n · ∂ (B− n×E) (7b)
Here n is a unit vector along the z axis. The two homo-
geneous Maxwell’s equations are
∇ ·B = 0 (8a)
∇×E = −∂B
∂t
(8b)
Using Eqs. (8b) and (7), the source free wave equation
takes the form
∇(∇ · E)−∇2E+∂
2B
∂t2
= Γ
∂
∂t
(
1
n · ∂B
)
−Γ ∂
∂t
(
1
n · ∂n×E
)
(9)
The operator 1
n·∂
becomes,
1
n · ∂ =
1
∂t + ∂z
=
∫
dt+ (10)
where t+ =
t+z
2 . Eq. (9) further simplifies to
(ω2−k2)E+(k·E)k = Γ
ω − k cos θ (k×E−ωn×E) (11)
In the present case, for the source free modified Maxwell’s
equation k ·E 6= 0, so the longitudinal component of the
photon polarization (proportional to Γ) is not zero. It
acquires a small value compared to the transverse com-
ponents. Since the vector n is along the z-direction and
the wave propagation vector, kˆ, makes an angle θ with
n, the electric field can be expressed as,
E = Exxˆ+ Eyzpˆ+ Ekkˆ (12)
where
pˆ = −yˆ cos θ + zˆ sin θ (13a)
kˆ = zˆ cos θ + yˆ sin θ (13b)
nˆ = zˆ (13c)
Comparing the x-, y- and z- component of Eq. (11), we
get
(ω2 − k2)Ex =
Γ
(ω − k cos θ){(k − ω cos θ)Eyz + ω sin θEk} (14a)
ΓEx = (ω
2 − k2) cos θEyz − ω2 sin θEk (14b)
Γk sin θ
ω − k cos θEx = −(ω
2 − k2) sin θEyz − ω2 cos θEk (14c)
Using Eq. (14), we get the following dispersion relation
ω2 − k2 = ±iΓ (15)
Here the + and − signs correspond to right- and left-
handed polarized photons. Hence we find that the mod-
ified SIM(2) invariant CS term leads to different disper-
sion relations for the right and left handed polarizations.
From Eq. (14), the relation between the components
of electric fields for the two solutions in Eq. 15 are given
by
Ex ≈ ∓i (ω − k cos θ)
(k − ω cos θ)Eyz (16a)
Ek ≈ (ω
2 − k2) sin θ
ω2(1 − cos θ) Eyz (16b)
where we have kept only the leading order terms in Γ.
Using Eq. (15), we find that the two eigenmodes of prop-
agation are,
|E+〉 ≈


(ω−k cos θ)
(k−ω cos θ)
i
i(ω2−k2) sin θ
ω2(1−cos θ)

 , |E−〉 ≈


(ω−k cos θ)
(k−ω cos θ)
−i
−i(ω2−k2) sin θ
ω2(1−cos θ)


(17)
3In the limit ω ≈ k the corresponding eigenvalues are
given by
k ≈ ω ∓ iΓ
2ω
≡ k± (18)
where we have used Eq. (15).
In the limit, Γ → 0, the two vectors in Eq. 17 corre-
spond to the left and right circular polarizations, i.e.
|E+〉 =

 1i
0

 , |E−〉 =

 1−i
0

 (19)
Eq. (18) implies that two polarization modes travel with
different velocity which is an indication of parity viola-
tion. This model leads to a significant contribution to
circular polarization at low frequencies, which we will
discuss in the next section.
Let us label the axes along xˆ, pˆ and kˆ by x1, x2 and
x3 respectively. Hence our wave is propagating along the
x3 direction and the two transverse directions are taken
to be along x1 and x2. An electric state vector, at any
given time, can be written as a linear combination of two
state vectors given in Eq. (17).i.e
|E(x3, t)〉 = E+(0)√
2


(ω−k+ cos θ)
(k+−ω cos θ)
i
i(ω2−k2+) sin θ
ω2(1−cos θ)

 ei(k+x3−wt)
+
E−(0)√
2


(ω−k
−
cos θ)
(k
−
−ω cos θ)
−i
−i(ω2−k2
−
) sin θ
ω2(1−cos θ)

 ei(k−x3−wt)(20)
Here E3(x3, t) component of the state vector |E(x3, t)〉
is very small and we are interested in determining the
change in the photon polarization in the plane perpen-
dicular to the photon propagation. Using Eq. (20), we
obtain,
E1(x3, t) =
1√
2
(P+E+(0)e
ik+x3
+P−E−(0)e
ik
−
x3)e−iωt (21a)
E2(x3, t) =
1√
2
(iE+(0)e
ik+x3
−iE−(0)eik−x3)e−iωt (21b)
where
P± =
ω − k± cos θ
k± − ω cos θ (22)
The electric vector rotates in the plane perpendicular to
the direction of propagation, when the two photon polar-
ization modes travel with different velocity. Hence, the
polarization state of photon changes after propagation
over a large distance. It can be determined by calculat-
ing the Stokes parameter I,Q,U,V.
We assume that the wave is unpolarized at source and
calculate its polarization after propagation through a dis-
tance x3. The Jones matrix for unpolarized electromag-
netic wave is
J =
(
1 0
0 1
)
(23)
Using this as the initial condition, we calculate the Stokes
parameters after the photon has travelled a distance x3.
These are given by,
I =2 cosh
(
Γx3
ω
)
(24a)
Q =0 (24b)
U =
2Γ cot2
(
θ
2
)
sinh2
(
Γx3
2ω
)
ω2
(24c)
V =2 sinh
(
Γx3
ω
)
(24d)
Keeping only the leading order in Γ, we obtain,
I = 2, Q = 0, U = 0, V =
2Γ
ω
x3 (25)
This implies that an initially unpolarized wave acquires
circular polarization upon propagation. The polarization
state does not depend upon the direction of propagation
of photon with respect to the VSR preferred axis. From
Eq. (25), we obtain,
ξ ≡ V
I
=
Γ
ω
x3 (26)
So far we have confined our analysis to a flat space-
time. However we need to compute the change in polar-
ization in an expanding Universe since we are interested
in sources located at redshifts comparable to unity. We
consider a spatially flat Universe. The propagation of
electromagnetic wave follows the same equations as given
above but with time replaced by conformal time and the
distance x3 replaced by comoving distance [21, 22]. Be-
sides this the overall energy density in the wave decreases
due to expansion. However this effect is not relevant for
calculation of shift in polarization. Consider a source at
a redshift z. Its comoving distance x3 is given by [23]
x3 =
1
a0H0
∫ 1
1
1+z
dx
x2
√
ΩΛ +ΩMx−3
(27)
where H0 is Hubble constant, a0 is scale parameter at
present epoch, ΩΛ is the ratio of vacuum energy density
to critical density and ΩM is the ratio of non-relativistic
matter density to critical density. Hence Eq(26) becomes
ξ ≡ V
I
=
Γ
ωa0H0
∫ 1
1
1+z
dx
x2
√
ΩΛ +ΩMx−3
= β
∫ 1
1
1+z
dx
x2
√
ΩΛ +ΩMx−3
(28)
4where β = Γ
ωa0H0
is dimensionless. We find that the cir-
cular polarization depends on the redshift of the source.
Furthermore the polarization generated increases with
decrease in frequency. Hence the effect is dominant at
low frequencies, such as, radio waves. In comparison the
dominant effect in the case of the local Lorentz violat-
ing term, studied in Ref. [16] is to produce a frequency
independent rotation of linear polarization. We point
out that mixing of hypothetical pseudoscalars of very
low mass with photons in a background magnetic field
also generates circular polarization [24–28]. In this case
the effect is found to increase with frequency and is lim-
ited by the stringent constraints that have been imposed
on the circular polarization which may be generated at
optical frequencies [29].
In more generality, the theoretical model can be ex-
pressed as,
ξ = β
∫ 1
1
1+z
dx
x2
√
ΩΛ +ΩMx−3
+ ξ0 (29)
where we have added a constant ξ0 to the model in order
to allow for the possibility that the mean value of circular
polarization over the sample is not zero. In the limit
β = 0, ξ0 is the mean value of circular polarization over
the entire sample. For β 6= 0 we determine both the
parameters, β and ξ0, by making a χ
2 fit to data.
III. RESULTS
In this section, we determine the best fit parameters
by using the χ2 minimisation procedure for the circu-
larly polarized light emitted from radio jets associated
with AGN. Here we use the circular polarization data
from the MOJAVE program, which contains 133 bright,
mostly compact radio-loud AGN in the northern sky.
With VLBA facilities, circular polarization of the AGN
jet sample at 15 Ghz with flux density 1.5 Jy has been ob-
served. We only consider sources with redshift z greater
than 0.25 for which local effects are absent. We find that
after this cut only 102 sources remain in the data set.
We extract the Lorentz violating parameter (β) by
minimizing χ2 for the model given in Eq. 29. The re-
sulting χ2 is compared with the null model ξ = ξ0 in
order to determine the significance of the fit. For the
null model we find that the mean value ξ0 = 0.38 with
χ2 = 347.6. The Lorentz violating model, Eq. 29, yields
β = 0.067 ± 0.12, ξ0 = 0.40 with minimum value of
χ2 = 347.1. Hence we do not find a significant signal
of Lorentz violation in the data. The corresponding best
fit is shown in Fig. (1). Using the extracted value of β
we find that the one sigma limit on the Lorentz violating
parameter Γ is (13× 10−29 GeV)2.
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FIG. 1. The fit to the circular polarization data from distant
radio galaxies.
IV. CONCLUSION
We have proposed a modified Chern-Simon term which
breaks the full Lorentz invariance but is invariant un-
der SIM(2) transformations. The term is non-local and
depends on a prefered vector, nα. The term also re-
spects gauge invariance provided we impose the condi-
tion, n·A = 0, on the gauge potential, Aα. This condition
is invariant under the SIM(2) transformation and can be
imposed consistently in this theory. The non-local CS
term changes the dispersion relation of photon. Hence
it changes the polarization of the electromagnetic waves
travelling over large distances. We find that at leading
order, an initially unpolarized picks up circular polariza-
tion upon propagation. We test the predicted signal by
using the circular polarization data from distant radio
galaxies. We do not find a significant signal of violation
of Lorentz invariance and impose a stringent limit on the
Lorentz violation parameter.
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